Machine learning on the symmetric group
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What if inputs are permutations?
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@ Permutation: a bijection
o:[1,N] = [1,N]
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@ o(i) =rank of item /
@ Composition

(0102)(i) = o1 (02(7))

@ Sy the symmetric group
(] |SN| = NI




@ Ranking data

(histogram equalization, quantile normalization...)
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@ Batch effects,
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Learning from permutations

@ Assume your data are permutations and you want to learn
f:Sy - R
@ A solutions: embed Sy to a Euclidean (or Hilbert) space
®:Sy — RP
and learn a linear function:
fo(o) = 67 (o)
@ The corresponding kernel is

K(oy,02) = d(ay) " (o2)



How to define the embedding ® : Sy — RP ?

@ Should encode interesting features
@ Should lead to efficient algorithms

@ Should be invariant to renaming of the items, i.e., the kernel
should be right-invariant

Voy,00,m €Sy, K(oym,oom) = K(o1,02)



Some attempts

Kendall SUQUAN
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(Jiao and Vert, 2015, 2017, 2018; Le Morvan and Vert, 2017)



SUQUAN embedding (Le Morvan and Vert, 2017)

@ Let ®(o) = I, the permutation representation (Serres, 1977):
1 ifo(j)=1,
[no']ij = ( ) .
0 otherwise.

@ Right invariant:

< 0(0),0(c") >=Tr (N,NL) = Tr (ngn;) =T (MyMy1) = Tr (Myp)



Link with quantile normalization (QN)

@ Take o(x) = rank(x) with x € RN
@ Fix a target quantile f € R"
@ "Keep the order of x, change the values to 1"

W) = ooy € Vi(X) =Moo f



How to choose a "good" target distribution?

gaussian distribution (mean=0, sd=1) uniform distribution bigaussian distribution
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Supervised QN (SUQUAN)

Standard QN:
@ Fix f arbitrarily
@ QN all samples to get W(xq),..., Vi(xn)
© Learn a model on normalized data, e.g.:

min { Zz, (w wf(x,)+b) +>\Q(w)}

SUQUAN: jointly learn f and the model:

m|n {NZE ( wWi(x; +b> +)\Q(W)+792(f)}



SUQAN as rank-1 matrix regression over ®(o)

@ Linear SUQUAN therefore solves

N
Vrptl)nf {I1V ;E; (WT\Ilf(x,) + b) +AQ(w) + ’}/Qg(f)}

N
_ 1 AT
= Vrp;)r} {N;g (W My f + b) + AQ(w) —i—’YQz(f)}
N
. 1
= VT;?'} {N ;E (< I_la(x,')v fw > Frobenius +b> + )‘Q(W) ""YQZ(f)}

@ A particular linear model to estimate a rank-1 matrix M = fw "
@ Each sample o € Sy is represented by the matrix 1, € R"*"
@ Non-convex

@ Alternative optimization of f and w is easy



Experiments: CIFAR-10

@ Image classification into 10 classes (45 binary problems)
@ N = 5,000 per class, p = 1,024 pixels
@ Linear logistic regression on raw pixels
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Experiments: CIFAR-10

@ Example: horse vs. plane
@ Different methods learn different quantile functions

original median SUQUAN BND

vvvvvvvvvvvvvvvvvv



Limits of the SUQUAN embedding

@ Linear model on ®(c) = M, € RV*N

@ Captures first-order information of the form "i-th feature ranked at
the j-th position"

@ What about higher-order information such as "feature i larger than
feature j"?



The Kendall embedding (Jiao and Vert, 2015, 2017)

(o
"/( ) 0 otherwise.

{1 if (i) < o)),



Geometry of the embedding

For any two permutations o, ¢’ € Sy:
@ Inner product

O(0) Do) = D Lo(iy<o(Loiy<ory) = Nelo, o)
1<i#j<n

ne = number of concordant pairs
@ Distance

[(c) = Do) [P= D (Logh<o) — Loi<o())? = 2Na(0, ")

1<ij<n

ng = number of discordant pairs



Kendall and Mallows kernels

@ The Kendall kernel is
K. (o,0") = ne(o,0’)
@ The Mallows kernel is

VA>0 Kjij(o,0') = e aleo’)

Theorem (Jiao and Vert, 2015, 2017)

The Kendall and Mallows kernels are positive definite right-invariant
kernels and can be evaluated in O(N log N) time

Kernel trick useful with few samples in large dimensions



@ Kondor and Barbarosa (2010)
proposed the diffusion kernel on the
Cayley graph of the symmetric group
generated by adjacent transpositions.

e Computationally intensive (O(N2N))
@ Mallows kernel is written as

Kif(o. o) = 6 nelo"

"~ // where ngy(o, o’) is the shortest path
- distance on the Cayley graph.

Cayley graph of S, @ It can be computed in O(Nlog N)
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Average performance on 10 microarray classification problems (Jiao

and Vert, 2017).



Extension: weighted Kendall kernel?

@ Can we weight differently pairs based on their ranks?

@ This would ensure a right-invariant kernel, i.e., the overall
geometry does not change if we relabel the items

Voi,00,m € Sy, K(oym,00m) = K(01,02)



Related work

@ Given a weight function w : [1, n]> — R, many weighted versions
of the Kendall's = have been proposed:

> w(o (), o) Logy<o Lo iy<or( Shieh (1998)
1<i#j<n
: -\ Po(i) — Po' (i) Po(j) — Po(j)
wioll),o - . ; 1 oiveo( Lo (<o (i
1§§§n (o(i),o(/)) o) = o'() o) = o') <o) Lo i)<o )
Kumar and Vassilvitskii (2010)
> Wi No(iy<atyLoiy<or() Vigna (2015)
1<i#j<n

@ However, they are either not symmetric (1st and 2nd), or not
right-invariant (3rd)



A right-invariant weighted Kendall kernel (Jiao and

Vert, 2018)

For any matrix U € R™",

Ku(o:0") = D Usiyo() Uor(i).or ) Loty <oty Lortiy <o ()

1<i#j<n

is a right-invariant p.d. kernel on Sy.




U, p corresponds to the weight of (items ranked at) positions a and b in
a permutation. Interesting choices include:

@ Top-k. For some k € [1,n],

Uab:

]

{1 ifa<kandb<k,
0 otherwise.
@ Additive. For some u € R”", take
Uj=ui+y
@ Multiplicative. For some u € R", take

U,'j = U,'Uj

Theorem (Kernel trick)

The weighted Kendall kernel can be computed in O(nIn(n)) for the
top-k, additive or multiplicative weights.




Learning the weights (1/2)

@ Ky can be written as
Ky(o,o') = CDU(U)TCDU(U')

with
®u(0) = (Us(iy.ot) Loty<o)) 1<inj<n
@ Interesting fact: For any upper triangular matrix U € R™",
¢U(O') = HIUHU with (ﬂg),-j = ]li:a(j)
@ Hence a linear model on ¢ can be rewritten as

f,B,U(U) = (B, ¢U(U)>Frobenius(n><n)

nlon,
<'8’ UU >Frobenius(n><n)

(N, @ Ny, vec(U) & (veo(s)) )

Frobenius(n? x n?)



Learning the weights (2/2)

fo,u() = (M, @ Ny, vec(U) @ (vec(8)) " )

Frobenius(n?x n?)

@ This is symmetric in U and 3

@ Instead of fixing the weights U and optimizing 3, we can jointly
optimize g and U to learn the weights U

@ Same as SUQAN, with M, ® M, instead of M,



@ Eurobarometer data (Christensen, 2010)

@ >12k individuals rank 6 sources of information

@ Binary classification problem: predict age from ranking (>40y vs
<40y)
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Towards higher-order representations

fo.u(0) = (M, @ Ny, veo(U) @ (veo(5))" )

Frobenius(n2x n?)

@ A particular rank-1 linear model for the embedding
Yo =M, o0, € ({0,1)7%7

@ Y is the direct sum of the second-order and first-order permutation
representations:
Y =Tn_2,1,1) D T(n-1,1)
@ This generalizes SUQUAN which considers the first-order
representation I, only:
hgw(o) = <|_|a= w® ﬂT>

Frobenius(nxn)
@ Generalization possible to higher-order information by using

higher-order linear representations of the symmetric group, which
are the good basis for right-invariant kernels (Bochner theorem)...



Conclusion

SUQUAN

—)

@ Machine learning beyond vectors, strings and graphs

@ Different embeddings of the symmetric group

@ Scalability? Robustness to adversarial attacks? Differentiable
embeddings?

MERCI!
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Harmonic analysis on Sy

@ A representation of Sy is a matrix-valued function p : Sy — C%*%
such that

Voi,02 € Sy, p(o102) = p(o1)p(o2)
@ A representation is irreductible (irrep) if it is not equivalent to the
direct sum of two other representations

@ Sy has a finite number of irreps {p» : A € A} where A = {\ - N}!
is the set of partitions of N

@ Forany f: Sy — R, the Fourier transform of f is

VAEN, T(pa) = f(o)pa(o)

oESN

AENfA= (N, ) with > ...> XN and YL, A =N



Right-invariant kernels

Bochner’s theorem

An embedding ¢ : Sy — RRP defines a right-invariant kernel
K(o1,02) = ®(01) T &(02) if and only there exists ¢ : Sy — R such that

VYoi,00 € SN, K(U1702):¢(05101)

and )
YAENA, d(pr) =0




