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Mathematical model

@ Patients with VS without relapse in 5 years
@ n (=19) patients >> p (=2) markers
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@ Patients with VS without relapse in 5 years
@ n (=19) patients >> p (=2) markers




Real data: n<< p

@ Gene expression
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p features

@ Somatic ml_Jtations

@ n= 102 ~ 10* (patients)

@ p = 10* ~ 10/ (genes, mutations, copy number, ...)

@ Data of various nature (continuous, discrete, structured, ...)
@ Data of variable quality (technical/batch variations, noise, ...)



Consequence: limited accuracy

Breast cancer prognosis competition, n = 2000 (Bilal et al., 2013)
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@ C: 16 standard clinical data (age, tumor size, ...)
@ M: 80k molecular features (gene expression, DNA copy number)



Consequence: unstable biomarker selection

Gene expression profiling predicts  Gene-expression profiles to predict distant metastasis of
clinical outcome of breastcancer  lymph-node-negative primary breast cancer
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70 genes (Nature, 2002) 76 genes (Lancet, 2005)

3 genes in common

van 't Veer et al. (2002); Wang et al. (2005)



Some research directions

@ Regularize and incorporate prior knowledge

|




0 Regularize

e Change representation



0 Regularize



Typical problem

n samples
< i BNN EmEEE

L]
p features

@ nsamples (patients), p features (genes)

@ X € R™P gene expression profile of each patient
@ Y € Y" survival information of each patient

@ Fit a linear model for a sample x € RP:

p
f(x)=8"x=> Bix;
i=

@ Standard methods (least squares or logistic regression) won't
work because n < p



Regularized linear models
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In high dimension, estimate 3 by solving
min, R(Y,XB) +AJ(8),
where
@ R(Y,Xp) is an empirical risk to measures the fit to the training
data

@ J(p) is a penalty to control the complexity of the model
@ )\ > 0is aregularization parameter



Standard regularizations

min R(Y, XB) + AJ(3)

BERP
where
@ Lasso: J(B) = ||B]|1 for gene selection.
@ Ridge: J(B3) = ||8]|3 to address n > m.
o Elastic net: J(8) = a|8ll5 + (1 — )| 8]l

N N
o ) e )
)/ -y
/, '/,
ﬁz // /ﬁ\ b / Bz / /ﬂ.
/ / / / // // / ﬁ
‘: N g // f AN ////
N - : ‘\W/j/
U e 7

B, B,




Which regularization is the best?

@ Feature selection (lasso, t-tests, ...) is popular, it leads to a limited
set of genes that form a molecular signatures

@ Ridge is less interpretable but often leads to better performance...
e.g., breast cancer prognosis (n = 286):
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Adding prior knowledge: network-based
regularizations

@ G =(V,&) agraph of genes (PPI, metabolic, signaling, regulatory
network...)
@ Prior knowledge:
e (3 should be "smooth" on the graph?
@ Selected genes should be connected?



Examples of network-based regularizations

Jg(8)=>"(5— ;)2  (Rapaportetal., 2007)
inj
Jg(B) = alBlli + (1 —a)» (8 — )  (Liand Li, 2008)
i~j
Jg(B) = sup a8 (Jacob et al., 2009)

Q€RP :Vinj oelg +o¢]2§1

Jo(B)=allBlls+(1—a)> _[Bi— B  (Hoefling, 2010)
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Gene selection with the graph lasso

Jg(B) = sup alp

i a2 4a?
QERPVinvj[|af +of || <1

Jacob et al. (2009)




BC prognosis: Lasso signature (accuracy 0.61)

EIF4G1 AREG — MMP9 — MMP7 UBE2A — RNF40  POLD1 — POLD4

“eeF1aL
PCSK6 —  BTG2 YWHAZ — ADRA2B ~ ADRBK1 ~ NEDD9  C200rfll ~ TAT PDEGE  TGFB2
MYCBP GRP. DLEU2  ALDH3A2 ~ VEGFE  PSMD7  CXCLI3 FLT3 PPAT ULK1
SLC16A3  AKRIC4 ~ BATF PLP2 SYTL2  CCNB2  SLC39A7  HYPK PDHB. UBD
FBXO2 E2F1 LRPS. PIK3CG  ZCCHC8  NLRP2  ANKZF1  PRCL cTsL2 TKL

PTPN3  CASC3  IGFBPS RTN3  DNAJB2  CDH19  GLRX2

Jacob et al. (2009)



BC prognosis: Graph Lasso signature (accuracy 0.64)
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Smoothness regularization and Fourier transform

@ "Connected genes have similar weights" (Rapaport et al., 2007; Li
and Li, 2008)

Jg(B) =D (8 - B)*

i~f

@ No feature selection



Smoothness regularization and Fourier transform

@ "Connected genes have similar weights" (Rapaport et al., 2007; Li
and Li, 2008)

Jg(B) =D (8 - B)*
inj
@ No feature selection
@ Reinterpretation in the Fourier domain (Rapaport et al., 2007):

p
> Bi—B)P=D N
i=1

inf

where
e [ is the i-th Fourier coefficient of 3
@ ) is the i-th frequency
@ "f has little energy at high frequency" and is therefore smooth on
the graph



Graph Fourier transform 3 ?

@ Eigenvectors U of the graph Laplacian matrix form the Fourier
basis: )
g=U'p
@ Eigenvalues A = (0 = A1 < ... < )\p) represent the "frequencies
of the Fourier basis
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Graph Fourier transform 3 ?

@ Eigenvectors U of the graph Laplacian matrix form the Fourier
basis: )
g=U'p
@ Eigenvalues A = (0 = Ay < ... < )\p) represent the "frequencies”
of the Fourier basis
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Graph Fourier transform 3 ?

@ Eigenvectors U of the graph Laplacian matrix form the Fourier
basis: )
g=U'p
@ Eigenvalues A = (0 = Ay < ... < )\p) represent the "frequencies”
of the Fourier basis

Lambda = 0.83
lambda = 0.47
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Graph Fourier transform 3 ?

@ Eigenvectors U of the graph Laplacian matrix form the Fourier
basis: )
g=U'p
@ Eigenvalues A = (0 = Ay < ... < )\p) represent the "frequencies”
of the Fourier basis
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Graph Fourier transform 3 ?

@ Eigenvectors U of the graph Laplacian matrix form the Fourier

basis:

B=U"p

@ Eigenvalues A = (0 = A1 < ... < )\p) represent the "frequencies

of the Fourier basis
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lambda = 1.7

1

0.4

°

0.2
il

A
NV

0.0
il

-04 -02




Graph Fourier transform 3 ?

@ Eigenvectors U of the graph Laplacian matrix form the Fourier
basis: )
g=U'p
@ Eigenvalues A = (0 = A1 < ... < )\p) represent the "frequencies
of the Fourier basis
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lambda = 2.3
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Graph Fourier transform 3 ?

@ Eigenvectors U of the graph Laplacian matrix form the Fourier
basis: )
g=U'p
@ Eigenvalues A = (0 = A1 < ... < )\p) represent the "frequencies
of the Fourier basis
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Graph Fourier transform 3 ?

@ Eigenvectors U of the graph Laplacian matrix form the Fourier
basis: )
g=U'p
@ Eigenvalues A = (0 = A1 < ... < )\p) represent the "frequencies
of the Fourier basis
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Graph Fourier transform 3 ?

@ Eigenvectors U of the graph Laplacian matrix form the Fourier
basis: )
g=U'p
@ Eigenvalues A = (0 = A1 < ... < )\p) represent the "frequencies
of the Fourier basis
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Smoothness in the Fourier domain: extensions

@ Rapaport et al. (2007) extends

> (8- B))? Zw,

jrf

to

for ¢ : R — R non-decreasing.
@ Example: ¢(\) = exp(—~A) linked to the diffusion kernel on the
graph.



Classifiers

N Glycan
biosynthesis

Glycolysis /

Gluconeogenesis
Porphyrin R Protein
and Sulfur

metabolism

Nitrogen,
asparagine
metabolism

Biosynthesis of steroids,
ergosterol metabolism

Lysine xic
biosynthesis phosphorylation,
TCA cycle

Phenylalanine. tyrosine and, .
tryptophan biosynthesis \ Purine
metabolism




e Change representation
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From raw data to X

Before Normalization
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After Normalization

@ Between-sample variability: batch effect, drift over time, ...
@ Typical pre-processing: Quantile normalization per sample



Standard QN
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After Normalization

@ Fix a target quantile f € R"
@ Transform x € RP to ®¢(x) such that:
e The ranking of entries in x and ®¢(x) are the same
@ The distribution of entries in ®¢(x) follows f
@ See also: images (Gonzalez and Woods, 2008), MRI scans
(Shinohara et al., 2014), speech (Hilger and Ney, 2006)



How to choose a "good" target distribution?

gaussian distribution (mean=0, sd=1) uniform distribution bigaussian distribution
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From QN to supervised QN (Le Morvan and Vert,

2017)

Standard approaches: learn model after QN preprocessing:
@ Fix f arbitrarily (typically, mean empirical quantile function)
@ QN all samples to get ®¢(x1),. .., P¢(xn)
© Learn a model on normalized data, e.g.:

TVIQ {:} éé, (wTCD,(x,-) - b) + )\Q(W)}

SUQUAN: jointly learn f and the model:

min {l Zé,- (WT(Df(Xi) + b) + AQ(w) + 7Q2(f)}
i=1

w,b,f



Computing ®¢(x)

For x € RP let
My = 1 if x; has rank /,
™10 otherwise.

Then



Linear SUQAN as rank-1 matrix regression

@ Linear SUQUAN therefore solves

min {:, ZE,- <WT¢f(Xi) + b) + AQ(w) + ’ng(f)}
i=1

w,b,f
1 n
— mi - T
= min {n }H:e (w Myf + b) FAQ(w) + nyg(f)}

1
= VTE} {n ;E (< wf', Mx; >Frobenius +b) +AQ(w) +’YQZ(f)}
@ A particular linear model to estimate a rank-1 matrix M = wf "

@ Each sample x € RP is represented by the matrix 1, € RP*P

@ Non-convex

@ Alternative optimization of f and w is easy



Results: gene expression data

LOGISTIC REGRESSION SUQUAN
RAW RMA CAUCHY EXP. UNIF. GAUS. MEDIAN SVD BND SPAV
GSE1456 65.94 68.73 59.56 68.86 68.72 69.00 69.06 57.60 71.44 69.60
GSE2034 74.52 75.42 61.91 74.53 75.22 76.45 74.92 52.61 70.50 76.11
GSE2990 57.01 60.43 54.72 61.25 56.25 58.66 59.72 52.51 59.22 59.94
GSE4922 58.52 58.86 55.24 58.81 55.66 60.01 59.18 52.39 61.82 61.41
AVERAGE 64.00 65.86 57.86 65.86 63.96 66.03 65.72 53.78 65.75 66.77
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Estimated quantile function: iteration=0
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Estimated quantile function: iteration=1
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Estimated quantile function: iteration=2
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Remark: embedding R" to S,

@ Remark: each sample x € RP was represented by the permutation
ofgenes o € Sp

@ Many other possibilities when we decide to embed data to the
symmetric group S,




Somatic mutations in cancer
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Large-scale efforts to collect somatic mutations

@ 3,378 samples with survival information from 8 cancer types

@ downloaded from the TCGA / cBioPortal portals.

Cancer type Patients | Genes

LUAD (Lung adenocarcinoma) 430 20 596

SKCM (Skin cutaneous melanoma) 307 17 463

GBM (Glioblastoma multiforme) 265 14 750

BRCA (Breast invasive carcinoma) 945 16 806

KIRC (Kidney renal clear cell carcinoma) 411 10 609
HNSC (Head and Neck squamous cell carcinoma) 388 17 022
LUSC (Lung squamous cell carcinoma) 169 13 590

QV (Ovarian serous cystadenocarcinoma) 363 10195




Patient stratification (unsupervised) from raw mutation

profiles
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Patients share very few mutated genes!



Survival prediction from raw mutation profiles

@ Each patient is a binary vector: each gene is mutated (1) or not (2)
@ Silent mutations are removed

@ Survival model estimated with sparse survival SVM

@ Results on 5-fold cross-validation repeated 4 times
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Approach: change representation?

Can we replace
x € {0,1}P with p very large, very sparse
by a representation with more information shared between samples
d(x) e H

that would allow better supervised and unsupervised classification?



NetNorm Overview (Le Morvan et al., 2017)
Take

p
M= xec{0,1}":) xi=K
i=1

and use a gene network to transform x to ¢(x) € H by
adding/removing mutations

Raw binary mutation matrix
genes

\ NetNorM binary mutation matrix

patients

patient total number
of mutations ]
*CZ%Q ) hubs

Gene-gene interaction network



NetNorm detail (k=4)

@ Add mutations for patients with few (less than K) mutations

mutated genes proxy mutation

oo~

Number of mutated

Patient with less than k£ mutations
nelghbours

© Remove mutations for patients for many (more than K) mutations

e

Patient with more than k mutations Degree of mutated
genes

In practice, K is a free parameter optimized on the training set, typically a few 100’s.



Related work (Hofree et al., 2013)

Network-based stratification of tumor mutations

Matan Hofree!, John P Shen?, Hannah Carter?, Andrew Gross® & Trey Ideker!-3

IDepartment of Computer Science and Engineering, University of California, San Diego, La Jolla, California, USA. 2Department of Medicine, University of California,
San Diego, La Jolla, California, USA. *Department of Bioengineering, University of California, San Diego, La Jolla, California, USA. Correspondence should be addressed

to T.L (tideker@ucsd.edu).

RECEIVED 14 FEBRUARY; ACCEPTED 12 AUGUST; PUBLISHED ONLINE 15 SEPTEMBER 2013; DOI:10.1038/NMETH.2651

1108 | VOL.10 NO.11 | NOVEMBER 2013 | NATURE METHODS

Network smoothing:
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Results: unsupervised classification
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Network Smoothing / Quantile Normalization (Hofree et al., 2013)

Use Pathway Commons as gene network.

NSQN



QN matters...

Both NetNorm and NSQN transforms follow a 2-step a approach:
@ Smooth the raw data onto the gene network (NS)
@ Quantile normalize the smoothed profile (QN)
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Conclusion

@ Learning from genomic data is challenging

@ Regularization is needed in high dimension

@ A good representation is worth a thousand learning algorithms
@ Subtle interplay between biology and math/CS

@ Impact on the final quality/performance of the model

@ Recent trend: learn the representation
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NetNorM and NSQN benefit from biological

information in the gene network

Comparison with 10 randomly permuted networks:
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Genes selected in at least 50% of the cross-validated sparse SVM model
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Combination by averaging predictions



QN after network smoothing
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Another representation

&;(x) = 1 iftx <X,
Y10 otherwise.



Geometry of the embedding

For any two permutations o, 0’ € Sp:
@ Inner product

O(0) Do) = D Lo(iy<o(Loiy<ory) = Nelo, o)
1<i#j<n

ne = number of concordant pairs
@ Distance

[(c) = Do) [P= D (Logh<o) — Loi<o())? = 2Na(0, ")

1<ij<n

ng = number of discordant pairs



Kendall and Mallows kernels (Jiao and Vert, 2017)

@ The Kendall kernel is

K. (o,0") = ne(o,0’)
@ The Mallows kernel is

YA>0 K,(>,(J, )= g Ma(o:0")

Theorem (Jiao and Vert, 2015, 2017)
The Kendall and Mallows kernels are positive definite.

Theorem (Knight, 1966)

These two kernels for permutations can be evaluated in O(nlog n)
time.

Kernel trick useful with few samples in large dimensions



Related work

@ Kondor and Barbarosa (2010)
</\\ proposed the diffusion kernel on the
Cayley graph of the symmetric group
generated by adjacent transpositions.

/\/ e Computationally intensive (O(n?"))

\ X( @ Mallows kernel is written as

\ Kii(o.0') = e 2mal2),
/2“3 1324 / .
~_ // where ng(o, o’) is the shortest path

distance on the Cayley graph.
@ It can be computed in O(nlog n)

\
L/
i

Cayley graph of Sy
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Average performance on 10 microarray classification problems (Jiao

and Vert, 2017).
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