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Permutations

Permutation:

σ : [1,n]→ [1,n]

σ(i) = rank of item i
Composition

(σ1σ2)(i) = σ1(σ2(i))

Sn the symmetric group
|Sn| = n!



Learning over the symmetric group

Assume your data are permutations and you want to learn

f : Sn → R

A solutions: embed Sn to a Euclidean or Hilbert space

Φ : Sn → H

and learn a linear function

f (σ) = β>Φ(σ)

The corresponding kernel is

K (σ1, σ2) = Φ(σ1)>Φ(σ2)

A right-invariant kernel is invariant by renaming the items:

∀σ1, σ2, π ∈ Sn , K (σ1π, σ2π) = K (σ1, σ2)



Related work

Represent a permutation x ∈ Sn by the vector of rank Φ(x) ∈ Rn

does not capture higher-order informations
Diffusion kernel over the Cayley’s graph (Kondor and Barbosa,
2010)

but complexity O(n2n)



Outline



Kendall and Mallows kernels

Let nc(σ, σ′) (resp. nd (σ, σ′)) the number of concordant (resp.
discordant) pairs.
The (rescaled) Kendall kernel (a.k.a. Kendall’s τ correlation) is

Kτ (σ, σ′) = nc(σ, σ′)

The Mallows kernel is

∀λ ≥ 0 K λ
M(σ, σ′) = e−λnd (σ,σ

′)

Theorem (Jiao and Vert, 2015, 2017)
The Kendall and Mallows kernels are positive definite.

Theorem (Knight, 1966)
These two kernels for permutations can be evaluated in O(n log n)
time.



Proof

Take Φτ (σ) =
(
1σ(i)<σ(j)

)
1≤i 6=j≤n ∈ Rn(n−1) and

Kτ (σ, σ′) = Φτ (σ)>Φτ (σ′) =
∑

1≤i 6=j≤n

1σ(i)<σ(j)1σ′(i)<σ′(j) .



Weighted Kendall’s τ correlation

How to weight differently pairs based on their ranks?
Given a weight function w : [1,n]2 → R, weighted versions of the
Kendall’s τ have been proposed:∑
1≤i 6=j≤n

w(σ(i), σ(j))1σ(i)<σ(j)1σ′(i)<σ′(j) Shieh (1998)

∑
1≤i 6=j≤n

w(σ(i), σ(j))
pσ(i) − pσ′(i)
σ(i)− σ′(i)

pσ(j) − pσ′(j)
σ(j)− σ′(j)

1σ(i)<σ(j)1σ′(i)<σ′(j)

Kumar and Vassilvitskii (2010)∑
1≤i 6=j≤n

w(i , j)1σ(i)<σ(j)1σ′(i)<σ′(j) Vigna (2015)

However, they are either not symmetric (1st and 2nd), or
right-invariant (3rd)
How to make a right-invariant, p.d. weighted Kendall correlation?



A right-invariant weighted Kendall kernel

Theorem

Let W : N2 × N2 → R be a p.d. kernel on N2, then the function
KW : Sn × Sn → R defined by

KW (σ, σ′) =
∑

1≤i 6=j≤n

W
(
(σ(i), σ(j)), (σ′(i), σ′(j))

)
1σ(i)<σ(j)1σ′(i)<σ′(j)

is a right-invariant p.d. kernel on Sn.

Corollary
If weights take the form W ((a,b), (c,d)) = Ua,bUc,d for some matrix
U ∈ Rn×n, then the function

KU(σ, σ′) =
∑

1≤i 6=j≤n

Uσ(i),σ(j)Uσ′(i),σ′(j)1σ(i)<σ(j)1σ′(i)<σ′(j) ,

is a right-invariant p.d. kernel on Sn.
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Examples

Ua,b corresponds to the weight of (items ranked at) positions a and b in
a permutation. Interesting choices include:

Top-k. For some k ∈ [1,n],

Ua,b =

{
1 if a ≤ k and b ≤ k ,
0 otherwise.

Additive. For some u ∈ Rn, take

Uij = ui + uj

Multiplicative. For some u ∈ Rn, take

Uij = uiuj

.Theorem (Kernel trick)
The weighted Kendall kernel can be computed in O(n ln(n)) for the
top-k, additive or multiplicative weights.



Learning the weights U?

KU can be written as

KU(σ, σ′) = ΦU(σ)>ΦU(σ′)

with
ΦU(σ) =

(
Uσ(i),σ(j)1σ(i)<σ(j)

)
1≤i 6=j≤n ∈ Rn(n−1)

The function to be learned is

f (σ) = β>ΦU(σ)

We usually fit β by minimizing a (regularized) empirical risk

min
β

n∑
i=1

`i(β
>ΦU(σ))

Can we jointly optimize the weights:

min
β,U

n∑
i=1

`i(β
>ΦU(σ))



Writing ΦU as a function of U

Lemma
For any upper triangular matrix U ∈ Rn×n,

ΦU(σ) = Π>σ UΠσ with (Πσ)ij = 1i=σ(j)



Optimizing both β and U

From this lemma we get that

fβ,U(σ) =
〈
β,ΦU(σ)

〉
Frobenius(n×n)

=
〈
β,Π>σ UΠσ

〉
Frobenius(n×n)

=
〈

Πσ ⊗ Πσ, vec(U)⊗ (vec(β))>
〉

Frobenius(n2×n2)

This is symmetric in U and β
Note that Π>σ = (Πσ)−1 = Φσ−1 , hence

fβ,U(σ) = fU,β(σ−1)

We propose to alternate optimization in U and β
For U fixed, optimize β with KU(σ1, σ2)
For β fixed, optimize U with Kβ(σ−1

1 , σ−1
2 )



The representation point of view

fβ,U(σ) =
〈

Πσ ⊗ Πσ, vec(U)⊗ (vec(β))>
〉

Frobenius(n2×n2)

A particular rank-1 linear model for the embedding

Σσ = Πσ ⊗ Πσ ∈ ({0,1})n2×n2

Σ is the direct sum of the second-order and first-order permutation
representations:

Σ ∼= τ(n−2,1,1) ⊕ τ(n−1,1)

This generalizes SUQUAN (Le Morvan and Vert, 2017) which
considers the first-order representation Πσ only:

hβ,w (σ) =
〈

Πσ,w ⊗ β>
〉

Frobenius(n×n)



Conclusion

A right-invariant, positive definite weighted version of the Kendall
kernel
Weights can be learned
This is equivalent to learning a rank-1 tensor on a second-order
representation of Sn

An intriguing connection between quantile normalization and
Kendall’s τ
Ongoing work:

Experimental validation
Computatioinally tractable generalizations to higher orders
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