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Abstract

The generalization properties of support vector machines (SVMs) are examined. From a geometrical point of view, the estimated
parameter of an SVM is the one nearest the origin in the convex hull formed with given examples. Since introducing soft margins is
equivalent to reducing the convex hull of the examples, an SVM with soft margins has a different learning curve from the original. In this
paper we derive the asymptotic average generalization error of SVMs with soft margins in simple cases, that is, only when the dimension of
inputs is one, and quantitatively show that soft margins increase the generalization error.
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1. Introduction

In recent years, support vector machines (SVMs) have
attracted much attention as a new classification technique
with good generalization ability in applications such as
pattern classification (Cristianini & Shawe-Taylor, 2000;
Scholkopf, Burges, & Smola, 1998; Smola, Bartlett,
Scholkopf, & Schuurmans, 2000; Vapnik, 1995, 1998).
The basic idea of SVMs consists of mapping input vectors
into a high-dimensional feature space and separating the
feature vectors linearly with the optimal hyperplane in terms
of margins, i.e. the distances of given examples from a
separating hyperplane.

To assure convergence in linearly inseparable cases
and to avoid overfitting to noisy data or outliers in examples,
soft margins have been introduced in SVMs, which
make them less sensitive to given examples, using slack
variables for margin-constraint violation (Cristianini &
Shawe-Taylor, 2000; Vapnik, 1995, 1998).
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The theoretical background for the generalization ability
of SVMs has been presented mainly in a framework of
probably approximately correct (PAC) learning (Cristianini
& Shawe-Taylor, 2000; Vapnik, 1995, 1998) where a kind of
complexity of a learning-machine class called the VC
dimension plays an important role (Vapnik & Chervonenkis,
1971). Another criterion for measuring the generalization
ability is the average generalization error (Amari, 1993;
Amari, Fujita, & Shinomoto, 1992; Amari & Murata, 1993;
Baum & Haussler, 1989; Ikeda & Amari, 1996; Opper &
Haussler, 1991) called a learning curve. Studies of the
learning curves of kernel methods, including SVMs, are still
being developed both from a statistical mechanical approach
(Dietrich, Opper, & Sompolinsky, 1999; Opper & Urbanc-
zik, 2001; Risau-Gusman & Gordon, 2000) and an
asymptotic statistical approach (Ikeda, 2003, 2004a,b).

The former approach takes noise into account in terms of a
finite temperature (Opper & Urbanczik, 2001), not soft
margins. So far, the latter approach has never considered
soft margins. Intuitively speaking, introducing soft margins
increases the generalization error if the given problem is
linearly separable, although it is necessary in inseparable
cases. In this paper, we review the geometrical meaning of
soft margins and quantify the effects of soft margins on the
asymptotic generalization ability in simple cases, that is,
where the input space is one-dimensional. Although we
analyze only noiseless and one-dimensional cases, the rather
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negative result shown later, that the generalization error
goes up as the softness increases, is important since, in
general, we do not know if the given data are noisy, nor do
we know the degree of noise involved. This work gives
practitioners who employ the soft-margin technique a
warning about the risk in generalization performance.

2. Geometry of support vector machines

Here, we formulate SVMs and consider their geometrical
meaning. Although an SVM non-linearly maps input
vectors to the corresponding feature vectors, we regard the
feature vectors as the input vectors and consider, for brevity,
a homogeneous linear dichotomy called a Perceptron
whose separating function is represented by w’x, where ’
denotes the transpose. Note that an inhomogeneous linear
dichotomy whose separating function is represented by
w'x+b is easily transformed to a homogeneous one W'X
using W' = (W, b) and X' = (x/, 1), which is referred to as
lifting up (Fig. 1).

Suppose a set Fy of N examples (X, y,,), n=1,2,...,N,
is given. Then, since the margin of a separating hyperplane
denoted by w is defined as the minimum distance between
the examples and the hyperplane, it is expressed as
min, w'f,/|lwll, where f,=y,x,. Note that introducing f,
can be regarded as making all of the examples positive
(Fig. 1). The problem of finding W that maximizes the
margin is equivalent to the following optimization problem
with linear inequalities,
minlllwll2 st.wf >1,

w 2

n—

n=1,...,N, (D

if the given examples are linearly separable, i.e. there exists
a hyperplane that separates the examples correctly. The
above problem can be rewritten as

min max L(w, o), ()
w o

1 N ,
Lw,a) =~ lIwll? = > e, (W', — 1) 3)
n=I

Fig. 1. Geometrical view of lifting up where the origin is denoted by O.
Since the distances from W are proportional to those from w, the lifting up
does not change the problem of separating the examples at all. Neither does
the transformation of a negative example shown by X to a positive one
shown by O.

using the Lagrangian multipliers o, > 0, n =1, ..., N, where
o= (ay,...,ay) . Hence, by differentiating L(w,o) by w and
o, the condition is derived under which w is a saddle point
of L(w,a):

o =S af, =0. )

This means that the solution of the problem (1) is of the
form

N
W= af, 0<a, (5)
n=1

and, in addition, problem (1) is equivalent to

N
min E DY an], ©)

which is a quadratic programming problem with linear
constraints. This is called the dual problem of (1).
Let us consider a rather general problem

min B Iwil? — 5} St Wi, > 6. e

This is equivalent to what is called the v-SVM (Schélkopf,
Smola, Williamson, & Bartlett, 2000) without soft margins.
It is obvious that this problem reduces to (1) if we fix § to
unity and hence the solution of (1) is a suboptimal solution
of (7). The dual problem of (7) is written as

o N N
mmEIIWII2 st.w= Za"f’” 0<q,<1, Zan =1.
o
n=1 n=1

®)

From a geometrical point of view, (8) means that the
solution W is the point nearest the origin in the convex hull
of Fy, i.e. the smallest convex set that contains all points in
Fy, where Fy is the set of vectors f,, n=1,...,N.

Note that (Bennett & Bredensteiner, 2000) has con-
sidered two convex hulls in an affine space that consist of
positive and negative examples, whereas we consider only a
single convex hull of all of the given examples.

3. Geometry of SVMs with soft margins

When the example set Fy is not linearly separable, the
margin cannot be positive and no W exists that satisfies (1).
This leads to the optimal o diverging in (6) and the optimal
w being 0 in (7) and (8). Hence, SVMs do not work properly
in this situation. To cope with this limitation, slack variables
¢, n=1,...,N, have been introduced that allow the margin
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constraints to be violated in the following way,

T X )
min [EIIWII +CZ§H] st.wf,>1—¢,, £,>0,

n=1
€))

where C is a given constant and § = (4, ..., £,). The v-SVM
with soft margins is formulated in the same way as

mml ||W||2+CZE —,6‘] st.wf,>8—¢,, £,>0.

(10)

Note that this is of a slightly different form to the original
v-SVM introduced by Scholkopf et al. (2000). However,
their equivalence can easily be proven taking into account
1/v= CN. The dual problem of (10) is written as

R N N
m;nEIIWII s.t.w—Zanf,,, 0<w,<C, Zan—l.

n=1 n=1
(11D

This means that w has the same form as (8) but has different
constraints, 0 <, <C, which represent the so-called
reduced convex hull introduced in Bennett and Breden-
steiner (2000). We only consider the problem of the point in
the reduced convex hull nearest the origin in the following
sections.

Let us consider here a variant of the introduction of soft
margins which employs the L2-norm instead of the L1-norm
in (10), i.e.

mmllww 2§Z&r—4 stLWE,26—E, 20,

(12)
and its dual problem
ALy C X
?£LWH+ZZ¥n
(13)
N N
stw=>"af, 0<a,<C;. > o, =1
n=1 n=1

Since it is clear that the optimal value of &, is «,,/C, (13) can
be rewritten as

m;nl ||w||2+_za]

(14
N N
S.t.w= Z af,, 0<q,, Z
n=1 n=1

This problem is essentially the same as (8), the only
difference being their kernel functions. That is, (14) employs

K(X, X,) = XX, + 6,/ C

as a kernel function instead of the inner product x/x,, in (8)
where §,,, is the Cronecker delta. Hence, we can rewrite (14)
in the form of (8) by a certain coordinate transformation. So,
we consider only (10) and (11) in the following.

4. Reduced convex hull

Fig. 2 shows examples of w when C=1 and C<1.
Suppose that C is the inverse of a natural number M. Then,
the reduced convex hull of Fy with C = 1/M is equivalent to
the convex hull of the set 'y of yC,, vertices, each of which
is a center of gravity of M distinct vectors in F. In fact, it is
easily shown that any point in the reduced convex hull of F,
is written as a non-negatively weighted sum of vectors in Fy
(Ikeda & Aoishi, 2002). This means that soft margins reflect
the ditribution of examples in the convex hull of Fy which is
neglected in hard margins’ case. For example, a large
amount of area is reduced where examples are sparsely
distributed (right area in Fig. 2), while less where examples
are dense (left area in Fig. 2).

Since the center of M examples has a different
distribution from the given examples, introducing soft
margins in some sense means changing the distribution of
the examples. Intuitively, averaging the data increases the
signal-to-noise ratio if each input of the examples, Xx,,, has an
independent additive noise. In such a case, the separating
hyperplane with hard margins is too sensitive to the noise
and is expected to have a larger generalization error. Hence,
the use of soft margins may improve the performance. In the
noiseless case, however, averaging the data decreases the
probability that points in the neighborhood of the separating
hyperplane appear. This means that the learning machine
loses information to some extent about the correct boundary
and has a larger generalization error since the probability
that a test input is chosen in the neighborhood of the
separating hyperplane is unchanged.

In the following, we derive the learning curves of SVMs
with soft margins in simple cases, providing the input space
is one-dimensional and that the given data are noiseless and
linearly separable. The derivation is performed using the
fact that an SVM with soft margins given F is equivalent to
an SVM with hard margins given the centers of M vectors in
Fy as examples.

B
/ (@) \;G
{ ,
U 7
/ o o /’/
Q. ol
N
\S/Q\
®0

Fig. 2. Points nearest the origin O of the convex hull (the dashed line, C=1)
and the reduced convex hull (the gray solid line, C = 1/2) of examples
shown by O’s.
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5. Average generalization error of SVMs

Let us fix the true parameter vector w* = (0,...,0,1) €
S" and assume that N inputs, x,, n=1,...,N, are
independently uniformly chosen from S, where S is an
m-dimensional unit sphere. Then, the vectors f,=y,x,,
n=1,...,N, are uniformly distributed in S where

Yo = sgn(w",x,), (15)
+1, if s>0,

sgn(s) = ) (16)
—1, otherwise,

S = {flw > 0,f 5"}, (17)

In this case, the probability that an estimate W mispredicts
the output of a new input X is written as 6/ where 0 is the
angle between w and w* (Fig. 3). In this paper, we define the
average generalization error as the probability that an
estimate W mispredicts the output of a new input averaged
over the given examples, which is often termed the
prediction error. In the following subsections, we derive
the average generalization error of SVMs for m=1 in the
asymptotic limit of N— .

5.1. Hard margins’ case

We first consider the case of hard margins, M =1, where
the nearest point in the convex hull of examples is the
midpoint of the two examples nearest to both endpoints of
the semicircle S.. Let the two examples be denoted by f,
and fg, and their angles with the endpoints by 6z and 6,
respectively. Then, the SVM solution W is written as (f; +
fz)/2 and its angle @ with w~ becomes 6 = |6, — 0x|/2, as
shown in Fig. 4.

Since the examples are independently chosen, the
probability that the angle ® of the nearest point with an
endpoint is less than 6, is written as

0 N
Prob[@ < 6,] =1 — (1 —f) ,

Fig. 3. The generalization error of W is written as 6/w. When a new input f is
chosen from the shadowed area in the input space S7, the estimate W
mispredicts the output of f.

Fig. 4. SVM solution in the case of m=1.

and thus the density function is

N 0 N—1
zwu=—@—i> :
i

™

In the same way, when 6, is fixed, the conditional
probability density function of 8y, that is p(6z|6;) is written

as
N=1 (o \YT
77_0L 7T—0L '

Hence, the average generalization error €,(N) is written as

g — 6
6g(N) = <—| R27T L|>

1 T rT—0OL
=—[Jg|m—%MMQWM@m&

p(OglOL) =

27 Jo
1 T rm—0 N
=2—J J o
™ Jo Jo e
N—1 O + 0\ V72
X (1—u> dfgdf, . (18)
i ™

By setting s = 0; + 0 and t = 0; — 0, (18) is calculated as

1 (™[ N N-—1 S\N—21
N) = — t——(l——) ~drd
€ (N) 27TLJ|| . S dids

—s ™ ™

1
2N+

5.2. Soft margins’ case

In the case of a fixed M>2, we consider the center of
gravity of the nearest M examples from each endpoint. If we
know the distributions of the angles 6z and 0, of f; and fz
with endpoints, where f; and f; are the centers of the M
examples nearest each of the endpoints, we can
derive the average generalization error since the SVM
solution W is written as (f; + fz)/2 and its angle § with w is
6 =60, — 0gl/2 as seen in the preceding subsection. Hence,
we will consider the distributions first.

Let us denote by 6, the angle between the (/— 1)st and /th
nearest examples to an endpoint named L (Fig. 5). Then, the
conditional probability density function of each angle at



K. Ikeda, T. Aoishi / Neural Networks 18 (2005) 251-259 255

Fig. 5. Distribution of angles. 6; is the angle between the (I— 1)st and I/th
nearest examples.

the endpoint is written as
p(0)10,....0,_y)

_N—(l—l)(l_ 0,
™ _Zj<l 3j ™ _Zj<l 0j

N—I
) ; 19)

and that of the angle g, between the (/— 1)st and /th nearest
examples to the other endpoint named R

POrilOgis-. .0k 1,01,....0)

B N—20+1 (1_ Or; >N‘2’
= j<ifri— 2 <10 = j<ifri— 2 <10
(20)

in the same way as in the case of hard margins. Let us show
for the sake of clarification the case where M =2. Since the
midpoint of the first and second nearest examples to an
endpoint is a nearest center, its angle ; to the endpoint and
its density p(8;) are written using (19) as

0, +(0,+6,)
0L:7’
2
26, . .
p0) = Jo D1 (9L _E)Pz (7I|0L —5) dn

MNN=1( 6, n\"7?
= — l——— dn
0o ™ T T 27

LN 0\ e 20\
o T T s ’

respectively, when 6; <7/2, where p; and p, denote the
density functions of 6, and 6,, that is p(f,) and p(6,|6,).
When 6; > w/2

TNN—1 0 N=2
p(eL)=J = (1——L—i> dn
0T

™ T 2w
AN 0N 2N a2\ M
B ™ T ™ '

For an arbitrary M, since the center of gravity of the M
nearest examples to the endpoint L is a nearest point in

the reduced convex hull, the angle 6, satisfies

_31+(01+02)+"’+ny[=15i

0 i , 2D
M .
M+1—i
0p=) ———0; (22)
2w
M
0= —Op+1—is (23)
2w
and hence its density p(f;) is written as
N
0)=——
p(0r) M —1)!
M N—1
; Mo
Xy Ml =M e[ 1—-—E , 24
;z (=DM ( o (24)

when 0, <w/M. See Appendix A for proof. Note that

m 1
prob[0,> ™ =0 1),
(6] L M o <N>
See Appendix B for proof.

In the same way, the density p(fz) of the other nearest
center is calculated as

N
p(lg) = —Tr(M D

M N—1
X ZiM”(—l)M"‘Mc,-(l M ) L@
=1

Ky

when 0p < 7/M. In the following, we use the approximation
that

p(01,0g) = p(0,)p(Og), (26)

although 6; and 6 do not satisfy this since they are made
from the same example set. In fact, the density p(6g|6;, 65,
..., 0y) can be derived in the same way as (19) and (24) as

p(0R|01, (92, veey GM)

N_M M M—1 M—i M@R N-1
=" N MM o] —
(M — 1) ;Z 7

27)

where ITp = m— ;<) 0; approaches 7 as the number N of
examples increases, because the probability decreases
exponentially that 6, [=1, ..., M takes a large value from
(19) and Appendix B. This means that the approximation
above holds true asymptotically in the limit of N — .
Using the distribution (26), the asymptotic average
generalization error for an arbitrary M can be derived as
follows. Since the average prediction error €,(N) is written as

O0p — 0
6g(N) = <7| Rzﬂ_ Ll >,
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it has the following upper and lower bounds as

1

o/M  o6/M
ox | [ 16— eulp0p@000,00, < ;)
™ Jo 0

1

SIM (oIM
<2_ J JO |9L — HRlp(ﬁL)p(ﬁR)dngaR

0 0
+ 7 Prob [6L>M} + 7 Prob {HR > M]

for an arbitrary 0 < ¢ < mr, which means that ¢,(V) converges
to the left-hand side as N increases because it is of the order
O(1/N), as shown below. From (24)—(26),

1

oIM poIM
2— J J |0L - 0R|p(0R)p(0L)d0Rd'9L
us 0

M M

N*M? M1 i+
T on 71'2(M!)2 ZZ (=D uCimG;
i=1 j

SIM (oIM M6 -
XJ J |9L_9R|(1 - .R>
0o Jo i
N—1
X <1 - MﬁL) d6pde, . (28)

In the following, we use the approximation that

M M M M
(1 — 0.’?) (1 ——H.L) = (1 — 6.’* ——‘9.L>, (29)
Tl T i T

where 0z0; is neglected since it is less than 6%*/M? and 6 can be
arbitrary small. Then, the integral of (28) is calculated as

o/M  6/M Mo M6 N—1
J J |0L—0R|<1— R——,L> dfrdé,

o Jo i mj
0/M 6IM Mo M6 N—1
= ZJ J (O — 0L)(1 ——Fk- —.L) dfrdo,
o Jo, i mj

—2JW mE (MO (L
o MAN(N +1) ij L N

= 2m —— +o0 (—) .
MPN(N + 1)(N +2)(i +j) N

Hence
1 ( I)H-] M2 MCiMMCj 1
N) = — .
&) = NM(M1)? Z t-+—j tolw
(30)

For example, €,(N)= (7/12N)+ o(1/N) for M=2 and
€x(N) = (239/360N) + o(1/N) for M=3.

5.3. Asymptotic analysis

Suppose 1 < M < N, where M is so large that 1/M can
be neglected compared to O(1) and N is so large that the
approximation (26) still holds true even when M is large.

Then, an asymptotic analysis on M can be given as follows.
From (19) and (20), the joint distribution of 4, ...,
., Ogpy 1s written as

p(ﬁl, N HM’ HRI’ ""HRZ)

aM’ﬁRl’

_ N! im0+ im0\
(N = 2M)! 7r '
3D

We approximate the above to an exponential distribution,
that is

p(ﬁl’ ""0M7 BRI’ "'70RZ)

NZM N M M
= 71—2—MeXp —; Zﬁ, + Z@Rj s (32)
i=1 j=1

which is based on neglecting the second- and higher-order
terms of #; and f;, as is done in (29). From (32), the moment
generating function ¢(r) of (8, — 6g)/M"? is written as

6, — 6
b(1) = <exp (r%) > (33)

I (exp (— M%{’ taRj) ) (34)

_Hl— ’”'tH1+Lj G

i=1 NM32 " j=1 NM}/zt
= i ! 36
=l —= (36)
i=1 NZM3 !

Hence the cumulant generating function y(t) = log ¢(¢) is
written as

2 -2
W) = ZIOg< s 2) 37)

2 M 772i2 1
=1 0 38
;N2M3 " <N2M> %)
2
™ 5 1
=51 +0(——] 39
et (N2M> (39)

This means that (6, —0g) asymptotically obeys a normal
distribution with mean zero and variance (2w>M/3N?) when
M — o and N— . Therefore, the average of the absolute

value |0, — 6| is asymptotically
2 7TM1/2 M1/2
(16, — Ogl) = \/\/%N +0< N ) (40)
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Hence, the average generalization error for a large M is

Ml/2 M1/2

6. Computer simulations

To confirm the validity of the theoretical analysis given
above, some computer simulations were carried out. In each
of the experiments below, the average generalization error
was calculated as 6/ where 0 is the angle between the true
parameter w* = (0, 1)’ and the SVM solution W.

Fig. 6 shows the average generalization error versus the
number of examples. The stars, crosses and circles show the
experimental average generalization errors averaged over
100 trials for M=1, 3 and 5, respectively. The solid, dashed
and dotted lines represent the theoretical average general-
ization errors for M=1, 3 and 5, respectively. The
theoretical values agree well with the experimental data
and the validity of the analysis is confirmed.

To see the relationship between soft margins and the
average generalization errors more clearly, we plot the
coefficient of the average generalization errors versus M in
Fig. 7. Here, the crosses represent the experimental results
with 1000 examples averaged over 3000 trials whereas the
solid curve represents the theoretical value shown in (30).
They agree well and the validity of the analysis is confirmed
again.

Fig. 8 shows the coefficient of the average generalization
errors versus M for large M’s where the crosses represent the
experimental results with 5000 examples averaged over
1000 trials, and the solid line represents the theoretical value
shown in (39). Once again, the results validate the
asymptotic analysis.

1071

Generalization Error

102 103 10*
Number of Examples

Fig. 6. Learning curve of SVMs with soft margins in the one-dimensional
case.

2
15F b
X
X
=
Q
£ 1r
[}
o
@)
05}
O 1 1 1
0 5 10 15 20

M (=1/C)

Fig. 7. Coefficient of the average generalization error versus the parameter
M=1/C.

7. Conclusions and discussions

The effects of soft margins on the generalization ability
of SVMs have been examined. We derived the asymptotic
average generalization errors in the simple noiseless case of
m=1 under the assumption that the parameter C, which
represents the ‘softness’ of margins, is the reciprocal of a
positive integer M. The results show that soft margins
increase the generalization errors. Although we analyze
only noiseless and one-dimensional cases, the results
contribute to the knowledge of practitioners using the
soft-margin technique since its risk in generalization
performance has until now been unknown.

This can intuitively be interpreted as the fact that soft
margins average the given data and decrease the probability
that points lie in the neighborhood of the separating
hyperplane, whereas the probability that a test input is

102

101 L

Coefficient

100 L

107! . . .
100 10! 102 108 104

M (=1/C)

Fig. 8. Coefficient of the average generalization error versus the parameter
M=1C>1.
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chosen from this area remains constant. However, in
general, the process of averaging increases the signal-to-
noise ratio and improves the robustness against additive
noise. Hence, when we have some knowledge about the
noise in given data, it may be possible to choose a better
parameter C. This work presents some fundamental research
in this area. The analysis for more general cases including
noisy data is the subject of future work.
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Appendix A. Density function of 6,

Let fi(d) be the conditional probability density function
of d, = Zé;l(i/M)HMH,i where N examples are uniformly
chosen from S. and 6,,0,,...,0,_,_, are given. We will
show that

M(N —M + k)
1Ik!

k N—M+k—1
: Md
X Zi’”(—l)k’kq(l - E) . (AD
i=1

by mathematical induction where IT=m—3 iy 0;. If
(A1) holds true for k, f;+ 1(d) can be written as

MdlGk+1) k +
Jer(d) = J Jx (d - TW)PM «(mdn,
0

fild) =

where p; 4+ is the density function of 6, 1, that is

POn—il01, ..., Opr—i—1)

_ N—M+k
_N M;k#—l(l_ﬁﬂgk) | a2
Hence
Jer1(d)
Md/(k+1) M(N —-M + k)
_L (IT — k!
i _pie, (1 _M@— G+ 1)7;/1\@)”‘“"‘1
- g (1 — i
N—M+k+1 N—M-+k
X (1 %) dn (A3)

M k i Md/(k+])N M+k+1
DG I A

N—M+k Md — (k+1— i\ VM1
v + 1— (f im dn
I1 11i
(A4)
M, i N—M+k+1
= — / —] 1C44
k’ i:]l ( ) ki H
. N—M+k
% l 1_ Md (AS)
k+1—i I(k+1)
Md N—M+k
— 1__
(-%) |
M(N—=M+k+ D&
= TTrT] -1
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where the last equality is obtained using the fact that the
summation of the second term in (A7) is equal to — (k+ l)k .
Hence

p0r) =fu(6r)

_ N M M—1 M—i MﬂL N=l
_W(M—l)!;l =D G {10 .

(A9)
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Appendix B. Distribution of §; for large 6,

From (23)

M—1

0,<0, + g

necessarily holds where » 2 =37 6, and thus

=n

M—1

0 b
Prob [@ > M} < Prob [01 + > —}

M

for an arbitrary 0 <6 < w. We will show in the following
that Prob[6; > (6/M)] approaches null faster than O(1/N)
as N increases. Using the joint probability density
function

M\ N—M
0Oy, 0y ) = LN ML <1 _21) ,
s m m

derived from (19)

M_ M 6
Prob|0; + —¥; <—
TO |:1+ M 2_M:|

J~6/M J(é/M—l)—(M/M—l)()l J((s/M—n—(M/M—l)e,—zg

0o Jo 0
(6/M—1)—MM—1)8, ="
X J

0 p(0y,0,,...,0,)d0,,---d6,

B J~6/M J(a/M—l)—(M/M—nal—):y-zN

0 0 ™

N—M 2 2M71 N—M+1
><+<1_ ! ) dﬁM,l“'dﬁ]
™ ™

J~5/M J(a/M—l)—(M/M—l)el—zyz N

0 ™

6_01 N—M+1
RS A6y,
7r(M—1)> M-t

0
N—M+2<
Xi
™

o

9,.

Since the second term has an upper bound

5 \NM+I
N[~ %
()

which is o(1/N), it can be neglected in asymptotic
analyses of O(1/N). By recursively integrating the first
term

M—1

B
Prob [01 + < _]

M

oM N 0, \" 1 1
= =(1—-=) d —) =1+0(~).
LR(=5) o) =)

Hence
Prob {HL > 6] <o (1) .
M N
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